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Abstract 
Cantwell, J. and L. Conlon, Depth of knots, Topology and its Applications 42 (1991) 277-2% 
The authors show that for every k 20 there are knots intrinsically of depth k, i.e., whose 
complements admit smooth, taut foliations of depth k but do not admit C2, taut foliations of any 
depth less than k. They also give examples of knots whose complements do not admit taut, C2 
foliations, with leaves meeting the boundary of the knot complement in circles, of any finite depth. 
Keywords: Finite depth foliation, taut foliation, transverse, Seifert surface, cable knot, satellite 
knot, Whitehead double, meridian, longitude. 
AMS (MOS) Subj. Class.: 57R30,57M25 
1. lntaoduction 
In a remarkable series of papers [3-61, Gabai has studied the topology of knot 
and link complements E(K) by constructing taut, transversely oriented foliations 
of these manifolds transverse to ME. The simplest of these foliations are those 
of finite depth. 
In what follows, (M, 9) denotes a foilated manifold, where is compact and 
oriented, 9 is of codimension one and transversely oriented, and each component 
of CM, if any, is either a leaf of 5F or is transverse to 2E 
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Definition 1.1. Let (M, 9) be as above. A leaf L of 9 is at depth 0 if it is compact. 
Inductively, L is at depth k - > 1 if L\ L consists of leaves at depths strictly less than 
S at least one of which is at depth k - 1. The foliation 9 has depth k c 00 if every 
leaf of 9 is at depth at most k and k is the least integer for which this is true. 
Remark. Evidently, a foliation of depth 0 is a fibration of M over either S’ or the 
unit interval I. More generally, it is not hard to see that a foliation of finite depth 
has only proper leaves. Consequently, by [2), if 9 is of finite depth and of class 
C’, then the C’-foliated manifold (M, 9) is homeomorphic to a foliated manifold 
of class C”. 
Definition 1.2. The foliated manifold (M, 9) is taut provided that each leaf of 9 
meets a closed transversal or a properly imbedded transverse arc. If, in addition, 
the induced foliation $1 T is taut, for each boundary component T that is transverse 
to 9, then 9 is said to be boundary taut. 
In foliated 3-manifolds, tautness rules out “dead end” components, namely Reeb 
components and others described in [12, p. 1041 and [8]. Boundary tautness also 
rules out Reeb components on 8M. It is an unpublished result of Gabai that, for 
foliations of knot complements transverse to the boundary, tautness implies boun- 
dary tautness. 
We propose to study the following invariant of knots. 
Definition 1.3. Let K c S” be a knot and let 0~ 9 s 00. Then K is of C4-depth at most 
k if the knot complement E(K) admits a taut foliation S(K) of class Cq, transverse 
to ME and of depth at most k. If k is the minimal such integer, then K is of 
Cedepth k If 110 such integer exists, the knot has infinite Cq-depth. 
Remarks. By an earlier remark, we see that, for 2 s 4 s 00, Cq-depth and Cm-depth 
are equal. For this range, we will use the term smooth depth. By [4], “disk decompos- 
able” knots have Cq-depth at most 1,O s 4 s 00. These include all aliaiircntrhg knots, 
all knots of at most 10 crossings (the knots in Rolfsen’s tables [ 1 l]), and the classical 
pretzel knots. Most do not fiber over S’, hence have Cq-depth exactly 1. All knots 
have finite CO-depth [3 Theorem 5.5) and [6, Theorem 3.11. 
We do not know of examples in the literature of knots of infinite smooth depth 
nor of finite Cq-depth > 1, whatever the value of 4. The following theorems partially 
address these questions. 
Theorem I. Let K’ be a noncable knot ofjinite smooth depth k and let K be a satellite 
of K’ having linking number 0 with the meridians of K’. Then K has (possibly injinite) 
smooth depth > k. 
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While Theorem I shows that there is no universal finite upper bound to the smooth 
depth of knots, it does not give sharp information on what integral depths can 
occur. The method of proof, however, coupled with constructions in [4], yields the 
following. 
Theorem II. For each integer k a 0, there is a knot K such that E(X) admits a taut 
C” foliation of depth k that meets ME in circles, but it does not admit a taut C2 
foliation, transverse to dE(K) and of depth <k 
Remark. The smoothness assumption in these two theorems is only used in certain 
general position arguments. These are the constructions of Roussarie [12] and 
Thurston [ 13) and our proof of Lemma 2.3. There seems to be no essential obstruction 
to carrying out these arguments in the Co case. 
An important addition in Theorem II is that the foliation is not only transverse 
to the boundary, but meets it in circles. It is a deep result of Gabai [6, Theorem 
3.11 that euery knot complement has a taut Co foliation of finite depth that meets 
the boundary in circles. By our next theorem, the smoothness class cannot generally 
be improved to C2. 
Theorem III. The knot complement E(K) of the Whitehead ouble K with zero twists 
of an arbitrary noncable knot K’ admits no taut, finite depth foliation of class C2 that 
meets dE(K ) in circles. 
For the meaning of “Whitehead double”, see Definition 2.6. 
If one relaxes the requirement in Theorem III that the boundary be foliated by 
circles, it is possible to construct smooth, finite depth foliations of E(K )= The 
existence of knots of infinite smooth depth seems to be open. 
We would like to thank the referee for a suggestion that greatly simplified the 
proof of Theorem III. 
Let K c S3 be a nontrivial knot. We also assume that K is m-iented. Let = E(K) 
be the complement in S3 of the interior of a smooth tubular neighborhood T(K) s 
S’ X o2 of K. Let 9 = S(K) be a smooth, taut, finite depth foliation of M, transverse 
to dM. 
We follow the custom of calling the circles on 8E ( K) that are nullhomologous in 
E(K), but not in dE( K), longitudes on the knot boundary. The longitude is positively 
oriented if its orientation agrees with that of K. 
The statement of the following lemma could be sharpened if we used the unpub- 
lished theorem of Gabai that taut foliations of knot complements cannot induce 
Reeb components on the boundary. A proof of this result would take 11s afield and 
we really do not need it. 
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Lmmm 2.1. he9 leaf of 9 meets aM. If the transverse orientation of 9 is suitably 
chosen, then every compact leaf of 9 meets aM in a collection of oriented longitudes, 
homologous in ah4 to a single, posiiively oriented longitude. This leaf has the same 
Euler characteristic as a minimal genus Seifert surface of K. 
Let S be any compact leaf of g The intersection S n aM is a set of disjoint 
es, none of which ca und a disk on aM. Therefore, these circles, if there 
are any, are parallel in a botzlologically essential there, and oriented by the 
orientations of aM. and and the transverse orientation of 5X Thus, if 
a: H,(M,aM)+ H,(aM)i homology boundary operator, it follo s that a[S] = rt~ 
where Q! E H,(aM) is nontrivial. 
Since 9 is taut, S meets a suitable ed transversal o to ZF in a single point. 
Viewing [O]E H,(M) and [S]E ?&(M, ), we see that the intersection product of 
these two classes is f 1. This implies that [S] is ind (M, dM). For knot 
complements M = E( K ), it is well k and is generated by 
the class of a surface C that meets a in a circle and extends by an annulus to be 
a Seifert surface for K. That is, with correct choices of orientation, [S] = [Z], hence 
r = 1 and a = a[ S] = a[X] is a nondivisible class. The circles S n a M are an odd 
number of longitudes, all but one positively oriented longitude being cancelled, 
homologically, by an oppositely oriented longitude. 
By 113, Corollary 2, p. 1193, the fact that S is a leaf of a taut foliation implies 
that S has minimal Thurston norm in its homology class, hence has the Euler 
characteristic of a minimal genus Seifert surface. 
Let L be any ieaf of g Then t’ contains a minimal set S of the finite depth 
foliation s Clearly S is a compact leaf, so S n a M # 8. Since L either approaches 
or is equal to S, LnaM#:q). 0 
Lemma 2.2. Let T c int( M) be an incompressible torus in M that separates M. By an 
isotopy in M, T becomes transverse to 9. 
Proof. Since 9 is smooth and taut, a well-known theorem of Thurston [ 13, Theorem 
41 and Roussarie [12, Thioreme I] implies that an isotopy in M eitlwr FPYZ~ T 8tr 
coincide with a leaf of @ or to be transverse to .% In the first case, the fact that T 
separates M contradicts the tautness of Z 0 
Suppose that K has a companion knot K’. Thus, there is a knot K*, imbedded in 
an unknotted solid torus W in a geometrically essential way [ 11, p. 1101, and a 
smooth imbedding i : W L* S3 of W as a tubular neighborhood V of K’, carrying the 
core of W onto K’, the longitudes of d W onto the longitudes of 8 V, and carrying 
K * onto K. It is possible that K* is unknotted in S3, but we require it to be knotted 
in W. 
Let M = E(K) be the complement in S3 of the interior of a smooth, tubular 
neighborhood T(K) c int( V) of K. Suppose that 9 = s(K) is a smooth, taut, finite 
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depth foliation of M, transverse to 8M. By Lemma 2.2, an isotopy in M makes a V 
transverse to $, so we assume that this has been done. Let M’ = E( K’) = M\int( V) 
and set 9’ = $1 M’. 
Lemma 2.3. If K’ is not a cable knot, the isotopy in Lemma 2.2 can be chosen so that 
S’ has no annular leatxx 
Proof. First remark that the compact leaves of 918 V are parallel, homologically 
essential circles on aK Otherwise, 9jaV would have a singularity. Suppose that A 
is an annular leaf of s’. As just remarked, aA c a V is a pair of essential circles 
dividing a V into two annuli A, and A*. By some arguments due to Whitten [ 14,s 31, 
the fact that K’ is not a cable knot implies that one and only one of these annuli, 
say Al, joins with A to form a torus T’ = Au A, isotopic to a V in M’. Remark that 
our situation is not exactly the one that Whitten is considering since the annulus A 
is not necessarily part of a Seifert surface for K, but the arguments he applies to his 
annuli also work for ours. 
If B is another annular leaf of P, we obtain similarly a torus T” = B u B1. If A 
meets the component of M\T” that contains aM, then one can think of B as 
“concentric” with A and “pushed out” from A (see Fig. 1 for a meridianal cross 
section view). In this case, we write A c B or, if we want to include the case A = B, 
we write AS B. 
Fig. 1. A cross section view of concentric annular leaves. 
Ibe set of annular leaves B such that A G B is evidently linearly ordered by c 
and the union of these leaves is a closed set with an outermost annular leaf Aa. 
That is, A” is maximal with the property that A s A”. Let T”o = A” u A;” be the 
torus isotopic to d V, separating M into an “inside” component containing a and 
an “outside” component. 
We consider the holonomy of A” on the side bordering the outside component 
of M\T”. If this had a fixed point, there would 5e an annular leaf A* > A”, 
contradicting maximality. The classification of the germ of a C* foliation in the 
neighborhood of a toral leaf (cf. [ 1, Lemma 2.11) applies also to the annular leaf 
A” (double M’ along its boundary) and allows us to isotope it outwards to an 
annulus d that is transverse to ,9’. ‘Iher@ is a corresponding annulus J& c a V that 
joins with & (corners should be rounded) to produce a torus T9 iso! epic to d V, 
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9, and such that the annular leaves 2 A have been 
. leaves outside 9, repeat the above process to eliminate 
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everywhere transverse to 
eliminated. 
If there remain annulai 
another maximal family of ordered annuli. It remains to show that the process will 
only need to be iterated finitely often. Otherwise, in the original foliation 9, we 
would have an infinite sequence Am-‘, Am**, . . . , A”*“, . . . of distinct maximal annular 
leaves. There are disjoint annuli A”-” c a V with {aAm-” = aA?“}:& clustering at a 
circle o on a K Indeed, the width of A?*” must go to zero, so these annuli themselves 
cluster at I+. But aA?” consists of a pair of oppositely oriented circles, 1 s n < 00, 
so the orientation of the circle CT conflicts with the orientations of infinitely many 
circles that are clustering at o. Cl 
Lemma 2-4. If (M’, F), as above, has no annular leaves, then 9’ is taut. 
Proof. We know that every leaf of 9 meets aM, hence T cannot have a toral leaf. 
Since it also has no annular leaf, the double (2 M’, 2.9’) along d M’ has no toral 
leaves. By a theorem of Goodman 17, Theorem 2.21, this doubled foliation must be 
taut. It follows that 9’ is itself taut. Indeed, any closed transversal to 29’ can be 
taken in general position relative to aM’ and the parts in one half of the double 
can be reflected to the other half to give a closed transversal there, after comers 
have been rounded. 0 
Lemma 2.5. Suppose that K’ is not a cable knot and that K has linking number 0 with 
the meridians of u’. Then, after a suitable isotopy, dV becomes transverse to 9 and no 
compact leaf S of 9 meets a V. 
Proof. Combine the isotopies in Lemma 2.2 and 2.3. Suppose that S meets aV and 
obtain a contradiction as follows. 
LetS,,S2,... , Sk be the components of S n M’. By assumption, k 2 1. By Lemmas 
2.4 and 2-I) S n a V is a collection of oriented longitudes homologically equivalent 
in a M’ to k positively oriented longitudes (for K’). Similarly, by Lemma 2. I, 
S n a!4 is homologous in aM to one longitude (for K). It follow6 Wt S I t t‘ is a 
homology in V of a u-longitude to k coherently oriented longitudes on av, im- 
plying that K has linking number k with the meridians of K’. Since k 2 1, this is a 
contradiction. 0 
An impc Aant case of the situation in Lemma 2.5 is given by the Whitehead double 
of K’. Let K* be the n-twist knot imbedded in an unknotted solid torus W in a 
geometrically essential way and such that some minimal genus Seifert surface F* 
for K* lies in the interior of W (see Fig. 2). In this figure, it should be understood 
that there are really n full twists plus a half-twist, hence an odd number of crossings 
at the bottom, so the spanning surface F* pictured there is orientable. The usual 
Picture with exactly n full twists [ 11, p. 112 J is easily obtained by a simple isotopy 
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Fig. 2. The n-twist knot. 
in W, but F* is harder to see. This Seifert surface has genus one. If n # 0, K* is 
nontrivial, so F* is of minimal genus. The “O-twist knot” is the unknot in S3, but 
it is knotted in W and F*, while not a minimal genus Seifert surface in S3, is a 
minimal genus spanning surface in W. 
There is a corresponding satellite knot K = i( K*) of any nontrivial knot K’, where, 
as above, i: WC, S3 smoothly imbeds W as a tubular neighborhood V of K’. Even 
if n = 0, K is nontrivial, so i( F”) is a minimal genus Seifert surface. 
Definition 2.6. This satellite K of K’ is called the Whiteheaddouble of K’ with n twists. 
Lemma 2.7. Suppose that K is a Whitehead double of a noncable km: K’ and let the 
foliation 9 of M = E ( K ) be as usual. If $ induces a foliation by circles on a M, then 
each compact leaf S of 9 is isotopic in VA M to F = i( F”). 
Proof. If S n d M consists of more than one longitude, then, by Lemma 2.1, there 
is an annular component of aM\S bounded by two of these oppositely oriented 
longittides. By the classification of foliations of the 2-torus, it follows that 91aM 
has a Reeb component, contradicting our assumption. Therefore, again by Lemma 
.I 5 S is a minimal genus Seifert surface for K, so genus (S) = 1. 
The leaf S will be isotopic to F, as desired, if and only if S* = i-‘(S) is isotopic 
to r ” in I~J! But S* is a minimal genus Seifert surface for K*, provided that this 
n-twist knot has n # 0. By [ 14,s 41, any minimal genus Seifert surface on the n-twist 
knot that is contained in W is unique up to an isotopy in W. In case ti = 0, performing 
a twist on the solid torus W carries S* and F* to Seifert surfaces for the l-twist 
knot and the isotopy between these untwists to the desired isotopy. q 
nots of arbitrary 
Fix the integer k - > 0 and let K’ be a noncable knot of smooth depth k with a 
satellite K and its complement = E(K), all as in Lemma 2.5. We will prove that 
the knot K satisfies the conclusion of Theorem I. 
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If K has infinite smooth depth, we are done. Otherwise, let 9 = 9( K ) be a smooth, 
taut, finite depth foliation of M, transverse to aM. We must show that the depth of 
9 is at least k + 1. 
The manifold M’ = M\int( V) is the knot complement E( K’). By Lemmas 2.2 and 
2.3, the foliation 9’ = F] M’ can be assumed to be taut, of finite depth, and transverse 
t0 a '=aV, 
We proceed by induction on L if r=0, then L’ is pact. This leaf must 
‘. Otherwise, it would als but would not meet 
contradictirag Lemma 2. I. Co L meets aV and cannot be compact 
(Lemma 2.9, hence its 1 inductive step, assume the as 
for some value I and iet en L” approaches a leaf F” 
level I and the leaf F 3 F” of 1. The leaf LD L” of 
a 
f of e assumption on ua9 the depth of must be at least k. 
Let t” be a Peafat nd conclude (Lemma 3.1) that the leaf L of 5 containing 
h at least k-l-1. 
We turn to the proof of Theorem II. Remark first that the Seifert surface F* for 
the n-twist knot K*, pictured in Fig. 2, is “disk decomposable” in the sense of Gabai 
[4], provid that n # 0. Thus, by [a Theorem 4.1 J and the proof of 14, Theorem 
4.43, M” = 8) admits a smooth, taut foliation P of depth at most 1, transverse 
to aM* and such that * is a foliation by circles. If the depth is 1, Gabai’s 
construction assures that there is only one compact leaf, namely F*, and the 
remaining leaves all lie at depth 1. It follows (and Gabai proves) that these leaves 
fiber *\F* over S’. In particular, all leaves except F* have trivial holonomy. The 
only n-twist knots of depth 0 are the trefoil knot (n = -1) and the figure eight 
(n = l), so we take Inl> 1. 
Lemma 3.2. 1Vere is a choice of unknotted solid torus WI 3 F* so that K* is geometri- 
cally essential in W and a W is transverse to 9*, meeting 9* in longitudinal circles, 
each lying on a distinct leaf of P. 
Proof. First choose W as in Fig. 2. Remark that we cannot use Lemma 2.2 to make 
8 w transverse to s* since d w is clearly compressible in E( K *). The surface F” is 
disk decomposable in the sense of Gabai [4] (two disks are required) and the 
foliation constructed by the method of [4] admits a closed transversal that simply 
links (in S3) the solid torus W. This transversal has a small tubular neighborhood 
T with aT everywhere transverse to 9* and meeting that foliation in meridians, 
Depth of knots 285 
each meridian lying on a distinct leaf. But 8T is isotopic to 8 W in S3\F* and the 
isotopy carries the meridian circles on a T onto the longitudes on a W. q 
Let N = M* n W, a compact manifold with two toral boundary components, and 
let Cp = g* 1 N Then @ is a smooth, taut foliation of depth 1, it has only one compact 
leaf, namely F* c int( N), and @ (alv is a foliation by circles, the leaves of t;F, la W 
being longitudes that correspond one-one to the teaves of depth 1 of @. 
Proof of Theorem II. If k = 0, any fibered knot is as desired. If k = 1, any alternating 
knot K that is not fibered is as desired [4]. For the purpose of the induction, require 
that K be noncable. Inductively, take k > 1 and let K’ be a noncable knot whose 
complement M’ = S3\int( V) admits a smooth, taut, depth k - 1 foliation 9’ that 
induces a foliation by circles on aV, but does not admit a smooth, taut foliation, 
transverse to d M and of depth <k - t . As before, we use the diffeomorphism i : W + V 
to produce the satellite knot K and, by Lemma 3.2, arrange that i( di ia W) = 9’la K 
The knot complement M = E(K) is the union of i(N) and M’ and the foliations 
i( @) and ’ fit together smoothly to give a taut foliation 9 of M that meets a 
in circles. As in Theorem I, this foliation has depth at least k We must show that 
the depth is exactly k. 
The compact leaves of %’ each join to a leaf of @ of depth 1 to form a leaf of 
9 of depth 1. Any leaf L’ of 9’ of depth 1 approaches only (finitely many) compact 
leaves of P, say L, , . . . , Lq. The leaf L’ joins with an infinity of depth 1 leaves of 
@ which cluster exactly on the depth 1 leaves of @ that meet one or another Ej. It 
follows that the corresponding leaf L 3 L’ of 9 lies at depth 2. similarly, a leaf L’ 
of 9’ at depth 2 clusters only on finitely many leaves at depths 0 and 1, so the leaf 
L 3 L’ of 9 is of depth 3. Iteration of this process leads to the conclusion that the 
highest depth is exactly k. 
Since the noncable knot K’ has smooth depth k - 1, Theorem I implies that K has 
smooth depth at least k. Finally, it is clear that K is not a cable knot, SO the induction 
can continue. 0 
4. Proof of Theorem III 
Consider the O-twist unknot K*, essentially imbedded in the solid torus as in 
Fig. 3, where the usual genus 1 spanning surface F* is also shown, together with 
two special loops cy * and /3* on F*. We are going to thicken F” to F* x L-1, l], 
SO that the dotted parts of these curves in Fig. 3 are on the underparts of this solid. 
More precisely, the figure indicates a copy of a*, call it a:, on the face F* x {I), 
and a copy p!!Z of p* on F* x { - 1). It is clear that both ol: and p? are isotopic in 
W\( F* x (- 1,l)) to a longitude U* on a 
Let K’ be an arbitrary noncable knot with tubular neighborhood V and, as in 
Section 24, let i : W + V be a diffeomorphism se bat i(t?) = K is %e @? *sted 
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Fig. 3. The spanning surface F* and generators a*, /3*. 
Whitehead double of K’. Set F = i( F*), a minimal genus Seifert surface for the knot 
CC. Since K’ is not a cable knot, we have the following 1141. 
Lemma 4.1. 7%e knot K kas unique (UP to isotopy) minimal genus Seijd surface F. 
Suppose that iiF(~) is a smooth, taut, finite depth foliation of E(K), transverse 
to d E(K) and including there a foliation by circles. In order to prove Theorem III, 
we must show that this leads to a contradiction. 
Lemma 4.2. Without loss of generality, it can be assumed that F is a compact leaf of 
F(K) and that the foliation is transverse to a K 
Proof. Let S be a compact leaf of S(K). Since there is no Reeb component on 
aE(K ), S can only meet the boundary in a single circle. By Lemmas 2.1 and 4.1, S 
is isotopic to F. We can isotope a V to be transverse to the foliation (Lemma 2.2) 
and so that 9’ = Sl( E( ~)\int( V)) has no annular leaves (Lemma 2.3). By [ 141, if 
S met a V, the components of S\int( V) would be annular leaves of F, so S c int( V) 
and is isotopic there to F. Cl 
WecanviewthetorusaE(K) as(S’x[-2,2])/((z, -2)=(z,2)}so thattheinduced 
foliation on the boundary is by the circles S’ x {t}, -2 s t G 2, and F n aE( K) = 
s’ x (0). 
Lemma 4.3. fie foliated manifold (E(K), tF( K)) is homeomorphic to a foliated mani- 
fold with all of the above properties, but such that the holonomy of F is C” tangent 
to the identity at F. 
Proof. The main result in [2] is that, if ail components of the boundary of a C’ 
foliated manifold are leaves, then the foliated manifold is homeomorphic to a C” 
foliated manifold such that the hoionomy along boundary components i C” tangent 
to the identity at these components. Cut E(K) along F to produce a foiiated manifold 
with convex corners and double along the part of the boundary transverse to the 
foliation, An application of [2] allows us to “resmooth” this foliated manifold so 
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that the holonomy along the boundary is C” tangent o the identity. In terms of 
the original (E(K), S(K)), this amounts to a new C” structure such that the 
holonomy of F is C” flat along F. Cl 
The lemma allows us to thicken the leaf F to a continuum F x [-1, l] of compact 
leaves F x {t}, -1 G t s 1, without losing smoothness of the foliation. 
Lemma 4.4. Without loss of generality, it can be assumed that the compact leaves of 
S(K) are precisely F X ( t}, - 1 G t s 1, al/ lying in int( V). 
Proof. To begin with, carry out the thickening as indicated above. By Lemmas 2.1 
and 4.1, any other compact leaf F’ will be isotopic to F, so we can assume that 
either F’ and F x { 1) or F’ and F x { -1) cobound a product F x I, foliated trans- 
versely to the I-factors and meetings F x [ -1, 13 only in a common boundary leaf. 
This can be smoothly refoliated, perhaps after another application of Lemma 4.3, 
so that F x I has the product foliation. This procedure continues until either all 
leaves are compact (and K is a fibered knot) or all compact leaves are in a product 
foliation F x [a, b]. The first case is excluded by Theorem I and, in the second, we 
reparametrize [a, b] as [-I, I]. Finally, the proof of Lemma 4.2 shows that this 
whole continuum of compact leaves is engulfed by int( V). Cl 
That is, we obtain a smooth foliation 9 of 6 = E( K)\( F x (-1,l)) such that 
d VC int( fi) and the only compact leaves of 3 are F x (*l}. We will denote these 
leaves by F+. Note that & falls into the tangential part F+ u F_ and a transverse 
annulus S’ x J foliated by circles S’ x {t}, t E .I. Also note that (Y+ = i(& lies on F+ 
and & = i(/3?) lies on F- . 
The interval J is the one point union of [ 1,2] and [ -2, -11 with identification 
-2 = 2. Since F is a punctured torus, it is clear that afi = F+ u (S’ x J) u F_ is the 
surface of genus 2. 
To the transverse boundary S’ x J glue D2 x J with the product foliation. This 
ives a smoothly foliated manifold (M’, .9’) with tw9 toral boundary components 
T+ = F+ u ,02, both leaves of .K Note that a, ,z- r+ and &c T_. 
It is clear that this foliation is of finite depth, hence every leaf must approach at 
least one of the two boundary leaves, these being the only compact leaves of 9’. 
Therefore, the properly imbedded transverse arc (0) x J c D2 x J meets every leaf 
and 9’ is taut. 
One further modification of the foliation is needed and it is here that smoothness 
of class at least C2 is essential. In a neighborhood of T* , the foliation is homeomor- 
phic to a neighborhood of the boundary of a Reeb foliated solid torus. For this, 
we need the standard classification of germs of C2 foliations at a toral leaf (folklore, 
but cf. [l, Lemma 2.I]), together with the facts that 9’ is proper and that L are 
the only compact leaves. Thus: cising a suitable open collar of d 
manifold M, diffeomorphic to and smoothly foliated by 9 = 9’1 
foliation is transverse to 8 The following is clear. 
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Lemma 4.5. 73e foliution 9 is taut, of finite depth, and every leaf meets aM.. 7%~ 
leaves of $1 a M are circles. 
It should be remarked that, by Lemma 4.4, all modifications have taken place 
well inside of E(K) n V, hence the torus T = a V is still in M, can be assumed to be 
transverse to (Lemma 2.2), and separates into two compact m 
be E(X)) and the other, call it K, having boundary Tw T..._ w ?‘+ . Le 
mark that K can be constructed irectly as follows. Let 0 denote the Whitehead 
link and E( 0) the link complemen is obtained from W (Fig. 3) by excising 
a tubular neighborhood of K*. Let obtained by cutting E(6) open along the 
surface F*. One boundary corn nent is a torus (the one we call T) and the other 
is F+ u (S’ x .I) w F-. Finally, .K results from gluing D’ x J to d along S’ x J. The 
circks ,PY+~ T+, qS_ c T- and o= i(o*) C= T (a longitude) are isotopic in I?, hence 
also in K 
= [B] and this is a nontorsion ciass. 
IWoK The equalities are immediate since the circles are isotopic. In E( 6), the circle 
CI has intersection umber I with a properly imbedded, twice punctured isk which 
is transverse to F*. o] E H,( I?) is nontrivial and nontorsion. But an elemen- 
tary application of t eyer-Vietoris equence shows that the inclusion g - K 
induces an isomorphism H1( R) = H,( K ). 
Let L be a compact leaf of 
Lemma 4.7. No component of L n K that meets a M = T- v T+ is an annulus. 
Let A be such an annular component. Since the boundary components T_ 
are foliated by circles (the proof of this, recall, made essential use of C2 
smoothness), the holonomy of the leaf A of SK is trivial. Thus, the union of annular 
leaves that meet aM is open, by Reeb stability, and nonempty. By a theorem of 
Haefliger [9, 3.21 this union is also closed, so the connectivity ot n” implies that 
every leaf of is an annulus. Since 8 K has three components, this is impossible. G 
Lemma 4.8. ‘171e components of L n T, L n r+ , and L n T_ , disregarding orientation, 
arr! circles isotopic in aK to u, a~+, and p__ respectively. Consequently, if L n T+ f 8, 
91 T+ is a foliation of that torus by circles isotopic to cy+ and, similarly, if L n T- f 8, 
9 1 T_ has leaves isotopic to p _ . 
Proof. Since each component of L n E( K’) is a compact leaf of s( K’), an application 
of Lemma 2A proves that the components of L n T are isotopic in T to U= Thus, 
whether or not L meets T, the intersection umber of CT with any component L’ of 
L n K is 0. Bf L meets T+ , we choose L’ tc at: a component meeting 7’+ and conclude 
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that the intersection umber of cy+ with L’ is also 0. It follows that each component 
of L’n T+ and, indeed, each leaf of 9 1 T+ is a circle isotopic in T+ to a+. Similarly, 
L’n T- has all components isotopic in T_ to p_ . 0 
Proof of Theorem III. Let L’ be a component of L n K that meets T+ u T_. Such 
a component exists since every leaf of 9 meets aM. For definiteness, we suppose 
that L’ meets T+ . Then L’n T+ is k a 1 coherently oriented circles (since $1 T+ has 
no Reeb components), all isotopic to Q+ . We consider two cases. 
Case 1. Suppose k = 1. Let (K, , S+) be the foliated manifold obtained by gluing 
a trivially foliated S’ x D2 to K along T+) matching the foliations. It is clear that 
the foliation 9+ is taut. The fact that [at+] it 0 implies that L’ meets either T or T_ . 
In the first case, let c be a component of L' n T, Since L’ is not an annulus (Lemma 
43, Q is not nullhomotopic on the leaf L’w D’ of 9+. But the isotopy of a to cy+ 
gives an annulus A in K which completes to a disk in K,, so a is nullhomotopic 
in K,. This contradicts the tautness of P+ by the well-known theorem of Novi 
[lo]. In the second case, one uses the same argument on a component j?_ of L’n T._ . 
Case 2. We suppose that k 3 2. For homological reasons, it follows that L’n 
( T u T-) has at least two components all being copies of CT and/or /3-. We again 
form (K,, S+) and let L, be the leaf containing L”. The fact that L, has at least 
two boundary components implies that none of its boundary components is null- 
homotopic in L, . But both /3+ and CT are isotopic in K to ar,, so we find that each 
component of aL+ is nullhomotopic in K, . This again contradicts the tautness of 
9+. cl 
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